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Preface 

Operations Research (OR) has become a powerful technique for optimal decision-making. New techniques and sophisticated analysis 
tools are required to resolve the challenges arising from modern problems. It leads to the emergence of OR for efficiently determining 
optimal solutions to problems of real world. Although there are many types of conceivable problems, OR practitioners and researchers 
have found several problems in different circumstances. Thus, a challenge problem may be in the manufacturing industry area while 
another may be in the service sector. However, their essential features are the same. Thus, it is possible to describe these problems by 
naming the general categories into which they fall irrespective of their physical descriptions. A common analytical technique can be 
used to find the optimal solution to problems belonging to the same general category. In this direction,OR helps make better decision 
and solve problems in the real world. It uses mathematical relations, statistical computations, engineering techniques, economics and 
management methodologies to know the consequences of deciding for any possible alternative actions. 

The decision-making techniques can be used in industries and services for making business decisions under risk and uncertainty. 
Furthermore, the decision-making techniques are also applied successfully to almost every possible sphere of human activity. 
Moreover, decision-making techniques are widely applied in different fields, ranging from almost every branch of science, engineering, 
industrial management, management planning, medical sciences, social sciences and economics, among others. 

The book "Optimal Decision Making in Operations Research & Statistics: Methodologies and Applications" has been written 
by unified authors with a diverse background expertise from the faculties of Operations Research, Management, Applied Statistics 
and Mathematics. The contributed chapters are based on the vast research experiences of the authors in real-world decision-making 
problems. 

The book is on the recent developments and contributions in optimal decision-making using optimization and statistical 
techniques. Mathematical modelling of cost-effective management policies are also part of the book. 

The book presents challenging and practical real-world applications based on decision-making problems in various fields. 
The modelling and solution procedures of such real-world problems are provided concisely. This book provides readers a valuable 
compendium of several decision-making problems as a reference for this field's researchers and industrial practitioners. After reading 
this book, the readers will understand the formulations of decision-making problems and their solution procedures using appropriate 
optimization and statistical techniques. 

This book broadly covers applications of applied statistics and optimization techniques in decision making in the various areas 
such as--estimation, control charts, econometric, regression, sampling, stochastic modelling, inventory control and management, 
transportation problem and optimization. 

Finally, this book benefits the teachers, students, researchers, and industrialists working in material science, especially Operations 
Research and Applied Statistics, as a valuable reference handbook for teaching, learning, and research. 
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Chapter 6

Stochastic Models for Cancer Progression and its Optimal 
Programming for Control with Chemotherapy

Tirupathi Rao Padi

1.  Introduction
Continuous, uninterrupted and unending cell division is usually referred to as carcinogenesis. Formulation of cancer-causing cells in 
a living body may be due to several reasons. The likely causes are exposure to hazardous environmental conditions, unhealthy food 
habits, unwarranted life styles, smoking, consumption of toxic beverages, among others. Natural mechanism of cell growth under 
normal conditions will happen whenever there is a requirement for cell construction due to the wear and tear processes. Normal cells 
have to undergo processes like cell division, growth, death/differentiation and transformation from one format to the other. Usually a 
normal/healthy cell will divide into two identical normal/healthy daughter cells, further the two daughter cells divide into subsequent 
progeny cells. The alleles of genes are used to regulate the mechanism of structured cell division. They play a vital role in protecting 
the living body from risks like over proliferation of specific cells above the required level and unnecessary invasion of similar cells 
from the original location to the invasive one. However, when the regulating mechanism disobeys the usual cell division process, 
the problem of cancer cell growth will come up. The three main factors like genetic materials or proteins or protein-encoding genes 
are responsible for regulating the cell’s division, growth, death/differentiation and invasion to the other tissues. They are namely  
(i) proto-oncogene; responsible for enhancing the cell division, (ii) tumor suppressor gene; monitor the cell division or causes the 
cell death, (iii) DNA repair gene; protects the mutation causing gene by means of rectifying its unusual behavior. If mutation occurs 
in these genes it leads to loss of control of the complete cell cycle and leads to the development of cancer. Moreover, all kinds of 
cancers are having one of the features that disrupt the process of regulatory mechanism in the normal cell division.  The process of 
abnormal cells growth is initiated with a simple mutation in the regulating genes. The operating characteristics and behavior patterns 
of cancerous cells are entirely different from those of normal cells. Needless to say that mathematical modelling is a suitable option 
for studying cancer growth. However, it has numerous limitations as model building is linked with many uncertain conditions. Hence, 
stochastic modeling is more rational in studying cancer spread and control. 

The nature of a malignant tumor is defined with the type of cells in the organ where it is originally initiated. Carcinogenesis is a 
complex, random and multistep process consisting of initiation, promotion and progression of normal cells (Tan, 1989). Transforming 
normal cells into malignant cells in any organ is usually initiated with simple mutation in the gene of cells and aggravate with abnormal 
proliferation. The mutation process involved in normal stage cell to intermediate stage cells and intermediate stage to malignant stage 
cells are purely random in nature (Quinn, 1997). The cancer cell growth involves a series of molecular changes in the normal cells. 
While reaching the malignant stage, it may undergo one or more mutation (transformation of one state to another state) processes. The 
cancer cells have the capability to spread/migrate to neighboring locations of an organ or other part of the body through blood vessels 
which is termed as the metastasis. The migrated malignant cells form a new colony by means of further proliferation leading to 
formation of cancer tumors. In the genesis of cancer, the response variables such as cell division, differentiation/death, mutation and 
migration are subject to random variations. Studying the growth of abnormal cells through stochastic modelling is always a superior 
approach. Getting the Statistical measures from the observed stochastic possesses through the probability functions shall provide the 
most relevant picture for proper understanding of cancer cell growth. 

There is established literature evidence in making use of deterministic and stochastic study models for carcinogenesis. Normally a 
cell division shall have to take several mutations to become a malignant cell. Many researchers have developed two/three stage growth 
stochastic models similar to birth-and-death and mutation processes. Pathophysiological behavior of cancerous cells is modeled with 
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suitable assumptions for quantifying functional relations in the contexts of primary and invasive states of growth. There is substantial 
evidence in mathematical modeling of cancer formation, growth and invasion using the birth and death processes. However, there is 
a significant lagging in applying the spread of cancer through migration processes. Hence this study is intended to contribute towards 
the research gap for making use of blended stochastic processes with a backdrop of bivariate and Trivariate birth-death—migration 
processes. Different states of cancer growth and its dynamics are modeled for exploring the joint probability distributions of the tandem 
arrival and departure processes. Development of optimization programming problems for regulating the cancer cell’s growth with the 
controlling parameters is still an open problem for study. Optimal drug administration by assessing the varying health indicators 
through stochastic programming is another focused area where there is no significant evidence on reported research. Predicting the 
optimal decision parameters from the developed stochastic and optimization models is the core objective of this study. This study can 
be extended for healthcare management during the treatment of cancer with chemotherapy. Exploring the real time decision support 
systems from the developed stochastic optimization modeling is the motivating factor for selecting this study. 

2.  Stochastic Model for Cancer Cell Growth during Chemotherapy
Tirupathi Rao et al., 2011, 2012 have developed a bi-variate stochastic model for normal cell and mutant cell growth during drug 
administration and drug vacation. These models are for treatment dependent malignant tumor progression based on the assumption 
that the cell division of pre-malignant and malignant cells follow a Poisson distribution during and off the chemotherapy process. 
Madhavi et al., 2013 have developed a stochastic model for stage dependent cancer cell growth under the assumption of all possible 
cell divisions during drug administration and its vacation. Tirupathi Rao et al. (2013) have developed a Trivariate stochastic model for 
cancer cell growth progression under the assumptions of cell divisions from normal cells to premalignant cells and from premalignant 
cells to malignant cells during the presence and absence of chemotherapy. The focus of all the above-mentioned works are mostly 
based on the cancer cell processes within the organ in the region of formation of the cancer cell. They have neither discussed nor 
developed any prospective cancer growth model as result of migration from the region of formation to the region of destination. 
Hence, the development of cancer growth through migration of mutant cell or cancer cell deserves the attention of researchers for 
better understanding of cancer growth behavior/dynamics. 

The above said gap of research is taken care of in this chapter. The proposed model will help in knowing the spontaneous and 
active growth of cells during drug administration and vacation periods. A linear function is defined to express the decision parameters 
in the dynamics of growth of any organ cell during drug administration and vacation periods using indicator variables. They will 
define the relationship between the decision parameters of cancer cell growth. This model can study the growth of a cancer cell as an 
overall phenomenon with drug administration and its vacation. In order to study the characteristics of the model, the first and second 
order moments were derived. This model will be well suited for carcinogenesis experimental trials. Data can be extracted for the said 
parameters on sample experimentation basis. However, in order to understand the model behavior and sensitivity analysis a numerical 
study is carried out with simulated data. 

Mutation is a resulting change of cell division behavior due to violation of genetic instructions of cell division. Unusual, 
continuous and a never-ending cell division process is termed as cancer. This unwarranted cell proliferation within the membrane 
of a tissue/muscle leads to formation of tumors. However, the connectivity of each cell with the blood circulation system makes 
the flow of mutant/cancer causing cells to other regions of the body referred to as metastasis. Such cell differentiation, division and 
death will cause the abnormal structure and functioning of tissues in an organ. It is a threat to the normal and regulating functions of 
cell growth within the tissue as the initiated mutant cells will be converted to full-fledged accumulated malignant cells. These newly 
formatted malignant cells will further spread to the other parts of the body from the origin through the process of metastasis. This 
process will lead to form secondary tumors either in the neighboring places (within the organ where the mutation has occurred) or 
in distant locations (other location of the body away from the organ where the newly formulated cancer cell was originated). If the 
cell growth process is deterministic then mathematical models will provide appropriate and accurate results. Whereas for abnormal 
cell growth processes which are subject to non-deterministic, stochastic models will be suitable alternatives. Here, it is assumed that 
the behaviour of normal/mutant/malignant cells growth/loss/differentiation are fully stochastic. This process can be modeled with 
homogeneous birth, death, mutation and migration processes.

Notations & Postulates of the Model

β*
ij1 - Growth rate of ith staged cell in jth staged tumor and lth state of drug application

δ*
ij1 - Loss rate of ith staged cell in jth staged tumor and lth state of drug application 

τ*
ij1 - Transformation rate of cell from ith staged cell to (i+1)th staged cell, from the jth staged tumor to (j+1)th staged tumor in lth state 

of drug application

Where, 
i = 1, 2 and 3 are Normal cell, Malignant cell and Migrated Malignant cell respectively
j = 1 and 2 are Primary stage of tumor and Secondary stage of tumor respectively
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l = 0 and 1 are drug vacation, drug administration respectively
ar is an indicator variable representing the drug administration and vacation referred below.

 r

1 ;Drug Ad min istration period for r 1,...,9
a

0 ;Drug vacation period
=

= 


 

The growth rate, migration/transformation (mutation) rate and loss rate of cells can be represented as ( )*
ij r ijl r ijla 1 a β = β + − β  ; 

( )*
ij r ijl r ijla 1 a τ = τ + − τ  ; ( )*

ij r ijl r ijla 1 a δ = δ + − δ   respectively. 
The mechanisms involved in the cell divisions, death/ differentiation are purely stochastic during drug administration and 

vacation periods. Let us assume that the events occurred in non-overlapping intervals of time and are statistically independent in both 
the periods. The cell’s growth, loss and migrations during the drug administration period and drug vacation period are also assumed 
to be stochastic and a model is developed based on the following postulates. 

Let ( ){ }N t , t 0≥  be the process of normal cell mechanisms (growth/loss/transformation/migration) and ( ){ }M t , t 0≥  be the 
process of malignant cells mechanism (growth/loss/migration). Let ( ) ( ){ }N t ,M t ; t 0≥  be a joint Bivariate stochastic process of 
individual stochastic processes of { }N(t), t 0≥  and ( ){ }M t , t 0≥ , the joint probability being ( ) ( ) [ ]{ } ( )n,mP N t ,M t n,m P t  = =   
and, marginal probabilities with respect to the number of normal cells and number of malignant cells are ( ){ } ( )nP N t n P t= =  and

( ){ } ( )mP M t m P t= = , 
Further, 

( ) ( ){ } nuP N t u / N t n P ; for u n 1,n 1,n,n 2∆ = = = = + − ±

( ) ( ){ } mvP M t v /M t m P ; for v m 1,m 1,m,m 2∆ = = = = + − ±

( ) ( )( ) ( ){ } ( ) ( )( ) ( ){ } nu,mvP N t ,M t u, v / N t ,M t n,m P ;for v m 1,m 1,m,m 2 ∆ ∆ = = = = + − ± 

If Δt be a very small interval of time. 
Let us now define postulates of the process with respect to normal cells and malignant cells growth,
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{ }
( )( ) ( )
( )( ) ( )
( )( )

( )( )
( )( )
( )( )

( )

( )

n,u

1 111 1 110

5 111 5 110

2 111 2 111

1 111 1 110

5 111 5 110

2 111 2 111

2

p P N(Δ t) u/ N(t) n
n a β 1 a β Δt o Δt ;u n 1
n a δ 1 a δ Δt o Δt ;u n 1
n a τ 1 a τ Δt o(Δt) ;u n 1

a β 1 a β
1 n a δ 1 a δ Δ t o Δ t ;u n

a τ 1 a τ

o Δt ;u

= = =

= + − + = +

= + − + = −

= + − + = −

  + −
  

= − + + − + =  
  + + −   

= = n 2± 2.1 
For malignant cell growth processes,

( ) ( ){ }
( )( ) ( )
( )( ) ( )
( )( ) ( )

( )( ) ( )
( )( ) ( )
( )( ) ( )

( )( )

m,v

3 211 3 210

6 211 6 210

7 211 7 210

4 321 4 320

8 321 8 320

9 321 9 321

3 211 3 210

p P M Δt v / M t m
m a β 1 a β Δt o Δt ; v m 1
m a δ 1 a δ Δt o Δt ; v m 1
m a τ 1 a τ Δt o Δt ; v m 1
a β 1 a β Δt o Δt ; v 1
a δ 1 a δ Δt o Δt ; v 1
a τ 1 a τ Δt o Δt ; v 1

m a β 1 a β

1

=
= = =

= + − + +

= + − + = −

= + − + = −

= + − + =

= + − + =

= + − + =

+ −

= −

( )( )
( )( ) ( )( )
( )( ) ( )( )

( )

( )

6 211 6 210

7 211 7 210 4 321 4 320

8 321 8 320 9 321 9 321

2

a δ 1 a δ

a τ 1 a τ a β 1 a β Δt o Δt ; v m

a δ 1 a δ a τ 1 a τ

o Δt ;v m 2

   + + −     + + − + + − + =    + + − + + −    
= = ±  

2.2 Considering the joint stochastic processes of normal cells and malignant cells dynamics during drug 
vacation period and drug administration period, we have 

	 (2.1)
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2.2 Considering the joint stochastic processes of normal cells and malignant cells dynamics during drug 
vacation period and drug administration period, we have 

	 (2.2)
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Considering the joint stochastic processes of normal cells and malignant cells dynamics during drug vacation period and drug 
administration period, we have
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( ) ( )( ) ( ) ( ) ( )( ) ( ){ }
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p P N Δt ,M Δt u, v / N t ,M t n,m
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n a τ 1 a τ Δt o Δt ;u n 1, v m

= = =

= + − + = + =
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DifferentialEquations & Probability Generating Functions of the Model:  

Let n,mp (t t)+ ∆  be the probability that the occurrence of any one possible event such as cell 

division, differentiation/death, transformation/ migration in an infinitesimal interval t∆ , on the 

condition that provided there exists ‘n’ normal cells and ‘m’ malignant cells in the organ up to time ‘t’ 

during the period of drug administration and drug vacation period. 

	 (2.3)
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The differential equations of the model when Δt tends to zero with the above equation are 
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   + − + + + + −   
   + + + + + +   

+ + + +

+ ( ) ( )( )n,m 1 9 321 9 320t a τ 1- a τ for n,m 1+ + ≥

 

(2.6) 

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )( ){

0,1
3 211 3 210 4 321 4 320 6 211 6 210

8 321 8 320 9 321 9 320 0,1 5 111 5 110 1,1

2 111 2 111 1,0 6 211 6 210 7 211 7 210

8 321 8 320

d p (t)
- a β 1- a β a β 1- a β a δ 1- a δ

dt
a δ 1- a δ a τ 1- a τ P t a δ 1 a δ p t

a τ 1 a τ p t 2 a δ 1- a δ a τ 1- a τ

(a μ (1- a )μ )

= + + + + +

+ + + + + + −

 + + − + + + + 

+ + + ( )( )} ( ) ( )( ) ( )9 321 9 320 0,2 4 321 4 320 0,0a τ 1- a τ p t a β 1- a β p t+ + +

  (2.7) 

( ) ( )( ){ ( )( ) ( )( )
( )( ) ( )( ) ( )( )
( )( )} ( ) ( )( ) ( )

( )( ){ ( )( ) ( )( )

1,0
1 111 1 110 2 111 2 111 4 321 4 320

5 111 5 110 7 211 7 210 8 321 8 320

9 321 9 320 1,0 5 111 5 110 2,0

5 111 5 110 7 211 7 210 8 321 8 320

9

d p t
a β 1 a β a τ 1 a τ a β 1- a β

dt
a δ 1 a δ a τ 1- a τ a δ 1- a δ

a τ 1- a τ p t 2 a δ 1 a δ p t

a δ 1 a δ a τ 1- a τ a δ 1- a δ

a τ

= − + − + + − + +

+ + − + + + +

+ + + + −

+ + − + + + +

+ ( )( )} ( )321 9 320 1,11- a τ p t+
 

(2.8)
 

	  (2.8)
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( ) ( )( ) ( )( ) ( )( ){ } ( )

( )( ) ( )( ){ ( )( )
( )( ) ( )( )} ( )

0,0
4 321 4 320 8 321 8 320 9 321 9 320 0,0

5 111 5 110 1,0 5 111 5 110 7 211 7 210

8 321 8 320 9 321 9 320 0,1

d p t
a β 1- a β a δ 1- a δ a τ 1- a τ p t

dt
a δ 1 a δ p (t) a δ 1 a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ p t

= − + + + + +

+ + − + + − + +

+ + + +
(2.9) 

Let  ( )P x, y; t  be the probability generating function of random variable X(t) and Y(t) 

representing the number of normal cells and number of malignant cells in an organ during the drug 

administration and vacation period with probability function ( )n,mp t . Where,

n m
n,m

m 0 n 0
P(x, y; t) x y p (t)) ; x 1, y 1

∞ ∞

= =

= < <∑∑ .   

Multiplying the above differential equations from (2.6) to (2.9) with n mx y  and summing over 

n, m, we get 

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( )

n 1 m
1 111 1 110 2 111 2 111 5 111 5 110 n,m

m 0 n 0

n m 1
3 211 3 210 6 211 6 210 7 211 7 210 n,m

m 0 n 0

4 321 4 320 8 321 8 320 9 32

dP(x, y; t) a β 1 a β a τ 1 a τ a δ 1 a δ x nx y p t
dt

a β 1- a β a δ 1- a δ a τ 1- a τ y mx y p t

a β 1- a β a δ 1- a δ a τ

∞ ∞
−

= =
∞ ∞

−

= =

 = − + − + + − + + − 

 − + + + + + 

− + + + +

∑∑

∑∑

( )( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( )

n m
1 9 320 n,m

m 0 n 0

2 n 2 m
1 111 1 110 n 1,m

m 0 n 0

n m 1
2 111 2 111 n 1,m 1

m 0 n 0

2 n m 2
3 211 3 210 n,m 1

m 0 n 0

n m
5 111 5 110

m 0 n 0

1- a τ x y p t

a β 1 a β x n 1 x y p t

a τ 1 a τ y n 1 x y p t

a β 1- a β y m 1 x y p t

a δ 1 a δ n 1 x y p

∞ ∞

= =
∞ ∞

−
+

= =
∞ ∞

−
+ −

= =
∞ ∞

−
−

= =
∞ ∞

= =

 + 

+ + − −

+ + − +

+ + −

+ + − +

∑∑

∑∑

∑∑

∑∑

∑∑ ( )

( )( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )

( )( ) ( )

n 1,m

n m
6 211 6 210 7 211 7 210 n,m 1

m 0 n 0

n m 1
8 321 8 320 9 321 9 320 n,m 1

m 0 n 0

n m 1
4 321 4 320 n,m 1

m 0 n 0

t

a δ 1- a δ a τ 1- a τ m 1 x y p t

1a δ 1- a δ a τ 1- a τ x y p t
y

a β 1- a β y x y p t

+

∞ ∞

+
= =
∞ ∞

+
+

= =
∞ ∞

−
−

= =

 + + + + + 

 + + + + 

+ +

∑∑

∑∑

∑∑   

           
(2.10) 

Where 

( ) ( ) ( ) ( )n 1 m n 2 m
n,m n 1,m

m 0 n 0 m 0 n 0

d P x, y; t
nx y p t n 1 x y p t

dx

∞ ∞ ∞ ∞
− −

−
= = = =

= = −∑∑ ∑∑  

( ) ( ) ( ) ( )n 1 m n 1 m 2
n,m n,m 1

m 0 n 0 m 0 n 0

dP x, y; t
mx y p t m 1 x y p t

dy

∞ ∞ ∞ ∞
− − −

−
= = = =

= = −∑∑ ∑∑  

On simplification, we obtain the differential equation of the form given below, 

	 (2.9)

Let P(x, y; t) be the probability generating function of random variable X(t) and Y(t) representing the number of normal cells and 
number of malignant cells in an organ during the drug administration and vacation period with probability function Pn,m(t). Where, 

n m
n,m

m 0 n 0
P(x, y; t) x y p (t)) ; x 1, y 1

∞ ∞

= =

= < <∑∑ . 

Multiplying the above differential Equations from (2.6) to (2.9) with xnym and summing over n, m, we get
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( ) ( )( ) ( )( ) ( )( ){ } ( )

( )( ) ( )( ){ ( )( )
( )( ) ( )( )} ( )

0,0
4 321 4 320 8 321 8 320 9 321 9 320 0,0

5 111 5 110 1,0 5 111 5 110 7 211 7 210

8 321 8 320 9 321 9 320 0,1

d p t
a β 1- a β a δ 1- a δ a τ 1- a τ p t

dt
a δ 1 a δ p (t) a δ 1 a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ p t

= − + + + + +

+ + − + + − + +

+ + + +
(2.9) 

Let  ( )P x, y; t  be the probability generating function of random variable X(t) and Y(t) 

representing the number of normal cells and number of malignant cells in an organ during the drug 

administration and vacation period with probability function ( )n,mp t . Where,

n m
n,m

m 0 n 0
P(x, y; t) x y p (t)) ; x 1, y 1

∞ ∞

= =

= < <∑∑ .   

Multiplying the above differential equations from (2.6) to (2.9) with n mx y  and summing over 

n, m, we get 

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( )

n 1 m
1 111 1 110 2 111 2 111 5 111 5 110 n,m

m 0 n 0

n m 1
3 211 3 210 6 211 6 210 7 211 7 210 n,m

m 0 n 0

4 321 4 320 8 321 8 320 9 32

dP(x, y; t) a β 1 a β a τ 1 a τ a δ 1 a δ x nx y p t
dt

a β 1- a β a δ 1- a δ a τ 1- a τ y mx y p t

a β 1- a β a δ 1- a δ a τ

∞ ∞
−

= =
∞ ∞

−

= =

 = − + − + + − + + − 

 − + + + + + 

− + + + +

∑∑

∑∑

( )( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( )

n m
1 9 320 n,m

m 0 n 0

2 n 2 m
1 111 1 110 n 1,m

m 0 n 0

n m 1
2 111 2 111 n 1,m 1

m 0 n 0

2 n m 2
3 211 3 210 n,m 1

m 0 n 0

n m
5 111 5 110

m 0 n 0

1- a τ x y p t

a β 1 a β x n 1 x y p t

a τ 1 a τ y n 1 x y p t

a β 1- a β y m 1 x y p t

a δ 1 a δ n 1 x y p

∞ ∞

= =
∞ ∞

−
+

= =
∞ ∞

−
+ −

= =
∞ ∞

−
−

= =
∞ ∞

= =

 + 

+ + − −

+ + − +

+ + −

+ + − +

∑∑

∑∑

∑∑

∑∑

∑∑ ( )

( )( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )

( )( ) ( )

n 1,m

n m
6 211 6 210 7 211 7 210 n,m 1

m 0 n 0

n m 1
8 321 8 320 9 321 9 320 n,m 1

m 0 n 0

n m 1
4 321 4 320 n,m 1

m 0 n 0

t

a δ 1- a δ a τ 1- a τ m 1 x y p t

1a δ 1- a δ a τ 1- a τ x y p t
y

a β 1- a β y x y p t

+

∞ ∞

+
= =
∞ ∞

+
+

= =
∞ ∞

−
−

= =

 + + + + + 

 + + + + 

+ +

∑∑

∑∑

∑∑   

           
(2.10) 

Where 

( ) ( ) ( ) ( )n 1 m n 2 m
n,m n 1,m

m 0 n 0 m 0 n 0

d P x, y; t
nx y p t n 1 x y p t

dx

∞ ∞ ∞ ∞
− −

−
= = = =

= = −∑∑ ∑∑  

( ) ( ) ( ) ( )n 1 m n 1 m 2
n,m n,m 1

m 0 n 0 m 0 n 0

dP x, y; t
mx y p t m 1 x y p t

dy

∞ ∞ ∞ ∞
− − −

−
= = = =

= = −∑∑ ∑∑  

On simplification, we obtain the differential equation of the form given below, 
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( ) ( )( ) ( )( ) ( )( ){ } ( )

( )( ) ( )( ){ ( )( )
( )( ) ( )( )} ( )

0,0
4 321 4 320 8 321 8 320 9 321 9 320 0,0

5 111 5 110 1,0 5 111 5 110 7 211 7 210

8 321 8 320 9 321 9 320 0,1

d p t
a β 1- a β a δ 1- a δ a τ 1- a τ p t

dt
a δ 1 a δ p (t) a δ 1 a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ p t

= − + + + + +

+ + − + + − + +

+ + + +
(2.9) 

Let  ( )P x, y; t  be the probability generating function of random variable X(t) and Y(t) 

representing the number of normal cells and number of malignant cells in an organ during the drug 

administration and vacation period with probability function ( )n,mp t . Where,

n m
n,m

m 0 n 0
P(x, y; t) x y p (t)) ; x 1, y 1

∞ ∞

= =

= < <∑∑ .   

Multiplying the above differential equations from (2.6) to (2.9) with n mx y  and summing over 

n, m, we get 

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )( )

n 1 m
1 111 1 110 2 111 2 111 5 111 5 110 n,m

m 0 n 0

n m 1
3 211 3 210 6 211 6 210 7 211 7 210 n,m

m 0 n 0

4 321 4 320 8 321 8 320 9 32

dP(x, y; t) a β 1 a β a τ 1 a τ a δ 1 a δ x nx y p t
dt

a β 1- a β a δ 1- a δ a τ 1- a τ y mx y p t

a β 1- a β a δ 1- a δ a τ

∞ ∞
−

= =
∞ ∞

−

= =

 = − + − + + − + + − 

 − + + + + + 

− + + + +

∑∑

∑∑

( )( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( )

n m
1 9 320 n,m

m 0 n 0

2 n 2 m
1 111 1 110 n 1,m

m 0 n 0

n m 1
2 111 2 111 n 1,m 1

m 0 n 0

2 n m 2
3 211 3 210 n,m 1

m 0 n 0

n m
5 111 5 110

m 0 n 0

1- a τ x y p t

a β 1 a β x n 1 x y p t

a τ 1 a τ y n 1 x y p t

a β 1- a β y m 1 x y p t

a δ 1 a δ n 1 x y p

∞ ∞

= =
∞ ∞

−
+

= =
∞ ∞

−
+ −

= =
∞ ∞

−
−

= =
∞ ∞

= =

 + 

+ + − −

+ + − +

+ + −

+ + − +

∑∑

∑∑

∑∑

∑∑

∑∑ ( )

( )( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )

( )( ) ( )

n 1,m

n m
6 211 6 210 7 211 7 210 n,m 1

m 0 n 0

n m 1
8 321 8 320 9 321 9 320 n,m 1

m 0 n 0

n m 1
4 321 4 320 n,m 1

m 0 n 0

t

a δ 1- a δ a τ 1- a τ m 1 x y p t

1a δ 1- a δ a τ 1- a τ x y p t
y

a β 1- a β y x y p t

+

∞ ∞

+
= =
∞ ∞

+
+

= =
∞ ∞

−
−

= =

 + + + + + 

 + + + + 

+ +

∑∑

∑∑

∑∑   

           
(2.10) 

Where 

( ) ( ) ( ) ( )n 1 m n 2 m
n,m n 1,m

m 0 n 0 m 0 n 0

d P x, y; t
nx y p t n 1 x y p t

dx

∞ ∞ ∞ ∞
− −

−
= = = =

= = −∑∑ ∑∑  

( ) ( ) ( ) ( )n 1 m n 1 m 2
n,m n,m 1

m 0 n 0 m 0 n 0

dP x, y; t
mx y p t m 1 x y p t

dy

∞ ∞ ∞ ∞
− − −

−
= = = =

= = −∑∑ ∑∑  

On simplification, we obtain the differential equation of the form given below, 

	 (2.10)

where
( ) ( ) ( ) ( )n 1 m n 2 m

n,m n 1,m
m 0 n 0 m 0 n 0

d P x, y; t
nx y p t n 1 x y p t

dx

∞ ∞ ∞ ∞
− −

−
= = = =

= = −∑∑ ∑∑

( ) ( ) ( ) ( )n 1 m n 1 m 2
n,m n,m 1

m 0 n 0 m 0 n 0

dP x, y; t
mx y p t m 1 x y p t

dy

∞ ∞ ∞ ∞
− − −

−
= = = =

= = −∑∑ ∑∑

On simplification, we obtain the differential equation of the form given below,
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( )( ) ( )( ) ( )( ){
( )( ) ( )( ) ( )( ) }

( )( ) ( )( ) ( )( ){
( )( )

1 111 1 110 2 111 2 111 5 111 5 110

2
5 111 5 110 1 111 1 110 2 111 2 111

3 211 3 210 6 211 6 210 7 211 7 210

2
3 211 3 210

P(x, y; t) a β 1 a β a τ 1 a τ a δ 1 a δ x
t

P(x, y; t)a δ 1 a δ a β 1 a β x a τ 1 a τ y
x

a β 1- a β a δ 1- a δ a τ 1- a τ y

a β 1- a β y

∂  = − + − + + − + + − ∂
∂

+ + − + + − + + −
∂

 + − + + + + + 

+ + + ( )( ) ( )( )}
( )( ) ( )( ) ( )( ){

( )( ) ( )( ) ( )( ) }

6 211 6 210 7 211 7 210

4 321 4 320 8 321 8 320 9 321 9 320

1
8 321 8 320 9 321 9 320 4 321 4 320

P(x, y; t)a δ 1- a δ a τ 1- a τ
y

a β 1- a β a δ 1- a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ y a β 1- a β y P(x, y; t)−

∂
+ + +

∂
 + − + + + + + 

 + + + + + + 
  (2.11) 

We can obtain the characteristics of the model by using joint cumulant generating function of

( )n,mp t .  Let ( ) ( )u vK u, v, t log P e ,e , t=  denote the cumulant generating function.  By taking the 

Jacobian transformation of ux e= AND vy e=  in the probability generating function, the joint 

cumulant generating function ( )K u, v; t  of the PGF ( )P x, y, t  is as the following expression 

( )( ) ( )( ) ( )( ){
( )( ) ( )( ) ( )( ) }

( )( ) ( )( ) ( )( ){
( )

1 111 1 110 2 111 2 111 5 111 5 110

u u v u
5 111 5 110 1 111 1 110 2 111 2 111

3 211 3 210 6 211 6 210 7 211 7 210

3 211 3 21

K(u, v; t)
t

a β 1 a β a τ 1 a τ a δ 1 a δ
K(u, v; t)a δ 1 a δ e a β 1 a β e a τ 1 a τ e

u
a β 1- a β a δ 1- a δ a τ 1- a τ

a β 1- a β

− −

∂
∂

 = − + − + + − + + − 
∂

+ + − + + − + + −
∂

 + − + + + + + 

+ +( ) ( )( ) ( )( ) }
( )( ) ( )( ) ( )( ){

( )( ) ( )( ) ( )( ) }

v v
0 6 211 6 210 7 211 7 210

4 321 4 320 8 321 8 320 9 321 9 320

v v
8 321 8 320 9 321 9 320 4 321 4 320

K(u, v; t)e a δ 1- a δ a τ 1- a τ e
v

a β 1- a β a δ 1- a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ e a β 1- a β e K(u, v; t)

−

−

∂ + + + +  ∂
 + − + + + + + 

 + + + + + + 

 

 (2.12) 
 

3. Statistical Measures &Moments:  
By making use of the cumulant generating function (CGF), 

( ) ( ) ( ) ( ) ( ) ( )* * 2 * 2 * *
1,0 0,1 2,0 0,2 1,1

1 1K u, v; t u m t v m t u m t v m t uv m t
2 2

= + + + + +(3.1) 

Where i, jm (t) denotes the moments of order (i, j) of the normal cells, malignant cells in an organ at 

time t under the drug vacation period and drug administration period. 

( ) ( )*
1,0m t E x t =   - Expected number of normal cells in an organ at time‘t’ 

( ) ( )*
0,1m t E y t =   - Expected number of malignant cells in an organ at time‘t’ 

( ) ( )*
2,0m t Var x t =   - Variance of number of normal cells in an organ at time‘t’ 

( ) ( )*
0,2m t Var y t =   - Variance of malignant cells in an organ at time‘t’. 

( ) ( ) ( )*
1,1m t Cov x t y t =    - Covariance between the number of normal cells and number of 

malignant cells in an organ at time‘t’. 

	 (2.11)

We can obtain the characteristics of the model by using joint cumulant generating function of pn,m(t). Let K(u, v t) = log P(eu, ev, t)  
denote the cumulant generating function. By taking the Jacobian transformation of x = eu AND y = ev in the probability generating 
function, the joint cumulant generating function K(u, v, t) of the PGF P(x, y, t) is as the following expression

	

9 
 

( )( ) ( )( ) ( )( ){
( )( ) ( )( ) ( )( ) }

( )( ) ( )( ) ( )( ){
( )( )

1 111 1 110 2 111 2 111 5 111 5 110

2
5 111 5 110 1 111 1 110 2 111 2 111

3 211 3 210 6 211 6 210 7 211 7 210

2
3 211 3 210

P(x, y; t) a β 1 a β a τ 1 a τ a δ 1 a δ x
t

P(x, y; t)a δ 1 a δ a β 1 a β x a τ 1 a τ y
x

a β 1- a β a δ 1- a δ a τ 1- a τ y

a β 1- a β y

∂  = − + − + + − + + − ∂
∂

+ + − + + − + + −
∂

 + − + + + + + 

+ + + ( )( ) ( )( )}
( )( ) ( )( ) ( )( ){

( )( ) ( )( ) ( )( ) }

6 211 6 210 7 211 7 210

4 321 4 320 8 321 8 320 9 321 9 320

1
8 321 8 320 9 321 9 320 4 321 4 320

P(x, y; t)a δ 1- a δ a τ 1- a τ
y

a β 1- a β a δ 1- a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ y a β 1- a β y P(x, y; t)−

∂
+ + +

∂
 + − + + + + + 

 + + + + + + 
  (2.11) 

We can obtain the characteristics of the model by using joint cumulant generating function of

( )n,mp t .  Let ( ) ( )u vK u, v, t log P e ,e , t=  denote the cumulant generating function.  By taking the 

Jacobian transformation of ux e= AND vy e=  in the probability generating function, the joint 

cumulant generating function ( )K u, v; t  of the PGF ( )P x, y, t  is as the following expression 

( )( ) ( )( ) ( )( ){
( )( ) ( )( ) ( )( ) }

( )( ) ( )( ) ( )( ){
( )

1 111 1 110 2 111 2 111 5 111 5 110

u u v u
5 111 5 110 1 111 1 110 2 111 2 111

3 211 3 210 6 211 6 210 7 211 7 210

3 211 3 21

K(u, v; t)
t

a β 1 a β a τ 1 a τ a δ 1 a δ
K(u, v; t)a δ 1 a δ e a β 1 a β e a τ 1 a τ e

u
a β 1- a β a δ 1- a δ a τ 1- a τ

a β 1- a β

− −

∂
∂

 = − + − + + − + + − 
∂

+ + − + + − + + −
∂

 + − + + + + + 

+ +( ) ( )( ) ( )( ) }
( )( ) ( )( ) ( )( ){

( )( ) ( )( ) ( )( ) }

v v
0 6 211 6 210 7 211 7 210

4 321 4 320 8 321 8 320 9 321 9 320

v v
8 321 8 320 9 321 9 320 4 321 4 320

K(u, v; t)e a δ 1- a δ a τ 1- a τ e
v

a β 1- a β a δ 1- a δ a τ 1- a τ

a δ 1- a δ a τ 1- a τ e a β 1- a β e K(u, v; t)

−

−

∂ + + + +  ∂
 + − + + + + + 

 + + + + + + 

 

 (2.12) 
 

3. Statistical Measures &Moments:  
By making use of the cumulant generating function (CGF), 

( ) ( ) ( ) ( ) ( ) ( )* * 2 * 2 * *
1,0 0,1 2,0 0,2 1,1

1 1K u, v; t u m t v m t u m t v m t uv m t
2 2

= + + + + +(3.1) 

Where i, jm (t) denotes the moments of order (i, j) of the normal cells, malignant cells in an organ at 

time t under the drug vacation period and drug administration period. 

( ) ( )*
1,0m t E x t =   - Expected number of normal cells in an organ at time‘t’ 

( ) ( )*
0,1m t E y t =   - Expected number of malignant cells in an organ at time‘t’ 

( ) ( )*
2,0m t Var x t =   - Variance of number of normal cells in an organ at time‘t’ 

( ) ( )*
0,2m t Var y t =   - Variance of malignant cells in an organ at time‘t’. 

( ) ( ) ( )*
1,1m t Cov x t y t =    - Covariance between the number of normal cells and number of 

malignant cells in an organ at time‘t’. 

	 (2.12)

3.  Statistical Measures & Moments
By making use of the cumulant generating function (CGF),

	 ( ) ( ) ( ) ( ) ( ) ( )* * 2 * 2 * *
1,0 0,1 2,0 0,2 1,1

1 1K u, v; t u m t v m t u m t v m t uv m t
2 2

= + + + + + 	  (3.1)
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Where mi,j(t) denotes the moments of order (i, j) of the normal cells, malignant cells in an organ at time t under the drug vacation 
period and drug administration period.

m*
1,0(t) = E[x(t)] - Expected number of normal cells in an organ at time‘t’

m*
1,0(t) = E[y(t)] - Expected number of malignant cells in an organ at time‘t’

m*
2,0(t) = Var[x(t)] - Variance of number of normal cells in an organ at time‘t’ 

m*
2,0(t) = Var[y(t)] - Variance of malignant cells in an organ at time‘t’.

m*
1,1(t) = Cov[x(t)y(t)] - Covariance between the number of normal cells and number of malignant cells in an organ at time‘t’.

 On expanding the Equation (2.9) and applying the regulating conditions of cumulant generating function, the following linear 
differential equations are obtained.

	
( ) ( ) ( )

*
1,0 * * * *

11 11 11 1,0

d m t
m t

dt
= β − τ − δ  	 (3.2)

	 ( ) ( ) ( ) ( )
*
0,1 * * * * * *

11 1,0 21 21 21 0,1

d m t
m t m t

dt
= τ + β −δ − τ  	  (3.3)

	
( ) ( ) ( ) ( ) ( )

*
2,0 * * * * * * * *

11 11 11 2,0 11 11 11 1,0

d m t
2 m t m t

dt
= β − τ − δ + β + τ + δ 	  (3.4) 

	
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

*
0,2 * * * * * * * * * *

11 1,0 21 21 21 0,1 21 21 21 0,2

* * * * * *
32 32 32 0,1 11 1,1

d m t
m t m t 2 m t

dt
2 m t m t

= τ + β + δ + τ + β −δ − τ

+ β −δ − τ + τ
	  (3.5)

	
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

*
1,1 * * * * * * * * * * * *

11 11 11 1,1 11 2,0 11 1,0 21 21 21 1,1

* * * *
32 32 32 1,0

d m t
m t 2 m t m t m t

dt
m t

= β − τ − δ + τ − τ + β −δ − τ

+ β −δ − τ
	  (3.6)

From (3.2) 
( ) ( ) ( )

*
1,0 * * * *

11 11 11 1,0

d m t
m t

dt
= β − τ − δ with m1,0(0) = N0

	 On solving the above with the given initial condition, m*
1,0(t) = E[y(t)] = N0eA*t	 (3.7) 

From (3.3) ( ) ( ) ( ) ( )
*
0,1 * * * * * *

11 1,0 21 21 21 0,1

d m t
m t m t

dt
= τ + β −δ − τ  with m*

1,0(0) = M0; Substituting m0,1(t) in the above equation and 

solving under the given initial condition,

	 ( )
*

*
* A t *

* B t11 0 11 0
0,1 0* * * *

N e Nm t M e
A B A B

 τ τ
= + − − − 

	 (3.8)

From (3.4) 
( ) ( ) ( ) ( ) ( )

*
2,0 * * * * * * * *

11 11 11 2,0 11 11 11 1,0

d m t
2 m t m t

dt
= β − τ − δ + β + τ + δ  with m*

2,0(0) = 0. Substituting m*
2,0(t) and solving the 

above equation based on given initial condition, 

	 ( ) ( )
*

*
* A t

* A t0
2,0 *

D N em t e 1
A

= − 	 (3.9)

From (3.5) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

*
0,2 * * * * * * * * * *

11 1,0 21 21 21 0,1 21 21 21 0,2

* * * * * *
32 32 32 0,1 11 1,1

d m t
m t m t 2 m t

dt
2 m t m t

= τ + β + δ + τ + β −δ − τ

+ β −δ − τ + τ

 with 

m*
2,0(0) = 0. Substituting m*

1,0(t), m*
0,1(t), and solving the above equation with the given initial condition,



98  Optimal Decision Making in Operations Research and Statistics: Methodologies and Applications

	

( ) ( ) ( ) ( )( ) ( )

( ) ( )
( )
( )

( )( )
( )

* * *

** *

* A t * A t * B t
* * *11 0 11 0 11 0
0,2 0 ** * * * * * *

* * A t* * 2A t A t
11 011 0

2* * * * * * ** *
*
11

* * * * * * A
11 0 11 0

* * *

N e N e N em t F 2E M
BA 2B A 2B A B A B

E N eN D e e
A A 2B B A 2B B2 A B

N D A B E N e
A B B

  τ τ τ  = + + − −  − − − −   
  − ττ  + −
 − −− + τ

 τ − − − τ
 −
 − 

( )

( )

( ) ( ) ( )
( )( )

( )( )
( )( )

* *

*

B t

* *

* * **
11 0 0* *11 0

2* * * * * * *
2B t

* * * * * *
11 11* 2

11 0 2* * * *

A B

N A 2B MN F 2E
A 2B 2 A 2B A B B

e
2 A B E D

N
2 A 2B A B

+

 
 
  
 
 
 

−  
  τ − −τ  + +
  − − −  −  

  − τ − + τ +τ   − −  

 	 (3.10)

From (3.6) 
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

*
1,1 * * * * * * * * * * * *

11 11 11 1,1 11 2,0 11 1,0 21 21 21 1,1

* * * *
32 32 32 1,0

d m t
m t 2 m t m t m t

dt
m t

= β − τ − δ + τ − τ + β −δ − τ

+ β −δ − τ

  

with m*
1,1(0) = 0. Substituting m*

1,0(t) and m*
2,0(t); solving the above equation using the given initial condition,

	
* * *

* *

* * B t * * 2A t A t
* 11 0 11 0
1,1 * * * * *

* * * * * *
(A B )t11 0 11 0

* * *

(E )N e D N e em (t)
B A (A B ) B

D N (A B )(E )N e
(A B )B

−

+

  − τ τ = + +   − −   
 τ − − − τ

+  − 

	
	

Where, N0 & M0 – are the initial number of normal and mutant cells in an organ

	

* * * *
11 11 11A = β − τ − δ * * * *

21 21 21B = β −δ − τ * * * *
11 11 11D = β + τ + δ

* * * *
32 32 32E = β −δ − τ * * * *

21 21 21F = β + δ + τ -

*
11 1 111 1 110a (1 a )β = β + − β *

11 2 111 2 110a (1 a )τ = τ + − τ *
21 3 211 3 210a (1 a )β = β + − β

*
32 4 321 4 320a (1 a )β = β + − β *

11 5 111 5 110a (1 a )δ = δ + − δ *
21 6 211 6 210a (1 a )δ = δ + − δ

*
21 7 211 7 210a (1 a )τ = τ + − τ *

32 8 321 8 320a (1 a )δ = δ + − δ *
32 9 321 9 320a (1 a )τ = τ + − τ

	 (3.11)

Hence, the characteristics of the model representing the period of drug administration and period of drug vacations are obtained 
as 
		Average number of normal cells in an organ at time‘t’ is m1,0(t);
		Average number of malignant cells in an organ at time‘t’ is m0,1(t);		
		Variance of number of normal cells in the organ m2,0(t);
		Variance of number of mutant cells in the organ at time‘t’ is m*

0,2(t);
		Covariance of number of normal and mutant cells in an organ at time ‘t’ is m*

1,1(t). 

4.  Sensitivity Analysis
In order carry out a better understanding of the developed models, a numerical illustration is considered. The variations in different 
moments on the number of cells in an organ during the periods of drug administration and vacation are observed by changing value of 
one parameter keeping the other parameters constant. The computed values of the characteristics of the model m*

1,0(t) m*
0,1(t) m*

2,0(t) 
m*

0,2(t) and m*
1,1(t) mentioned above from Equations (3.7) to (3.11) for the parameters are presented in the tables using the stimulated 
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data sets for changing values of β111, β110, τ111, τ110, β211, β210, β321, β320, δ111, δ110, δ211, δ210, τ211, τ210, δ321, δ320, τ321, τ320 N0, M0, t. 
The linear function defined using an indicator function ar has taken values 0 and 1. 

Sensitivity Analysis during drug vacation period
This deals with the assumption of ar = 0, r =1,..,9. It has focused on the study of explaining the variation in different statistical 
measures of cell counts in an organ during the complete absence of a drug in the cancer affected body. The respective tables will 
give the variation in the statistical measures with respect to the changes in a single decision parameter when all other parameters are 
constant. Appendix IV (a) deals with fixed parameter values of β110 = 1.0, τ110 = 0.1, β210 = 4, β320 = 0.3, δ110 = 0.5, δ210 = 0.5, τ210 = 0.3,  
δ320 = 0.03, τ320 = 0.01, N0 = 200, M0 = 500, t = 2 and changing values of one among given parameters.

From the Appendix IV (a), it is observed that average and variance of number of normal cells is an increasing function of β110, 
average number of malignant cells is an increasing function of β110, variance of number of malignant cells is a decreasing function 
of β110. The average & variance of numbers of normal cells are decreasing functions of τ110; average and variance of number of 
malignant cells are increasing and decreasing functions of τ110 respectively. The average and variance of numbers of malignant cells 
are increasing functions of β210. The variance of number of malignant cells is an increasing function of β320. The average number of 
normal & malignant cells and variance of number of normal cells are decreasing functions of δ110; variance of number of malignant 
cells is an increasing function of δ110. The average & variance of number of malignant cells covariance between the normal and 
malignant cells are a decreasing function of δ210. The average & variance numbers of malignant cells and covariance between cells 
are a decreasing function of τ210. The variance of number of malignant cells and covariance between normal and malignant cells 
are decreasing functions of δ320. The variance of number of malignant cells and covariance between normal and malignant cells are 
decreasing function of τ320. The average & variance of number of normal & malignant cells along are increasing functions of time. 

Sensitivity Analysis during drug administration period
This deals with the assumption of ar=1, r=1,..,9. It has focused on the study of explaining the variation in different statistical measures 
of cell counts in an organ during complete presence of a drug in the cancer affected body. The respective tables will give the variation 
in statistical measures with respect to the changes in a single decision parameter when all other parameters are constant. Appendix 
IV (b) deals with changing values of one parameter and fixed value of remaining parameters of the set of parameters under study. 

From the Appendix IV (b), it is observed that the average and variance of number of normal and malignant cells are increasing 
functions of β111. The average number of normal cells and variance of number of malignant cells are decreasing functions of τ111; 
average number of malignant cells and variance of number of normal cells are increasing functions of τ111. The average & variance 
of number of malignant cells are increasing functions of β211. The variance of number of malignant cells is an increasing function of 
β321. The average and variance of number of normal and malignant cells is a decreasing function of δ111. The average and variance 
of number of malignant cells are decreasing functions of δ211. The average and variance of number of malignant cells are decreasing 
functions of τ211. The variance of number of malignant cells is a decreasing function of δ321. The variance of number of malignant 
cells is a decreasing function of τ321. The average and variance of number of normal and malignant cells are an increasing function 
of N0. The average and variance of number of malignant cells are an increasing function of M0. The average number of normal & 
malignant cells and variance of number of normal & malignant cells are an increasing function of time.

Summary and Results
It is with regard to constructing the stochastic model and sensitivity analysis, a bivariate stochastic model is developed for the cancer 
cell growth in an organ based on homogeneous birth, death, mutation and migration processes under the period of drug administration 
and vacation by defining a linear function with an indicator variable. The differential difference equations are derived with the help 
of postulates possessing the model. The classical probability generating function approach is applied to represent the model in terms 
of partial differential equations for the random variables X(t) and Y(t) for the number of normal cells and number of malignant cells 
respectively during the drug administration period and drug vacation period. The first and second order moments are derived through 
cumulant generating functions. The numerical study was carried out to study the model behaviour for varying parameters during the 
period of drug administration and vacation. This study will help the medical practitioner to understand the behaviour of the cancer and 
dynamics in the cell growth over a period of time. Proper understanding about behaviour of cancer cell growth will give inputs to the 
medical practitioner regarding the condition of the patient. Treatment protocols can be designed with the developed model. Further, 
the statistical moments in this chapter were used for constructing the optimization programming problems in the following section. 

5.  Optimization Model for Cancer Control
The core objective of this section is to explore the optimal decision parameters which play a vital role in the processes of growth, 
death and invasion rates of cancer cells during drug vacation (absences of drug) and administration periods (presence of drug). 
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It is observed from the literature that several attempts have been made to predict the decision parameters in the abnormal cell 
dynamics (Tirupathi Rao, 2012). This study proposed the decision-making optimization models for minimizing the average number 
of malignant cells (or cancer cells), maximizing the average number of normal cells (or healthy cells), minimizing the variability 
(volatility) in the growth of normal cells, maximizing the variability in the growth of malignant (or cancer) cells, among other things. 
All the proposed programming problems shall have the common constraints such as average number of normal cells should be within 
threshold limits, average number of malignant cells should be lower than a specific danger limit, variance of the number of normal 
cells should be in a narrower range and variance of number of malignant cells should be in a wider range, are taken into account for 
the problem (Tirupathi Rao, 2012, 2013, 2014).

Optimal Programming for Cancer Control & Progression during Drug Administration
All the above-cited studies have considered the programming problems as a simple variable presentation and have solved each 
separately. They have considered the variables like average number normal and malignant cells, variance of normal and malignant 
cells, among others. However, in this study the researcher has addressed programming problems with a variable ratio between 
the normal and malignant cell growth. This approach will provide the relative behavior of the study variables. They can provide 
the comparative movements between the observed variables. While studying the growth or loss dynamics of cancer cells, desired 
situations like (i) the average number of healthy cells should always be greater than the average number of mutant or malignant cells 
and (ii) The variance of normal/healthy cells should always be less than the variance of mutant/malignant cells have to be taken in 
to consideration for better understanding. The phenomenon of programming problem formulation of programming has been carried 
out with two notions namely (i) in general context (assuming patient is not in treatment) and (ii) in drug administration context (the 
patient is in treatment). The objective functions are formulated with the relative measures (ratio between normal and mutant cells). 
First objective is to Minimize, where is the ratio between average number of normal cells to the average number of malignant cells 
and the second objective is to minimize the, where is the ratio between variance of normal cells to the variance of the malignant cells. 
Further it is assumed that RE1 < 1 and RE2 > 1. There are several other conditions which are formulated as constraints. 

Optimal Programming for Treatment during Drug Administration and its Vacation
The statistical moments derived in the previous section are used to construct the optimization programming problem. Usually, growth 
rate of malignant cells will be more during drug absence period than the drug presence period. Similarly, the loss rate of malignant 
cells will be more during drug presence than the drug absence period. These stipulations are considered while formulating the 
proposed programming problem in this section. The health status is considered to be under control as long as the average number of 
normal cells is more than average number of malignant cells in the treatment of any cancer patient. In other words, the ratio of average 
normal to malignant cells shall be more than unity. However, the situation seems to be alarming when the ratio is less than unity. In 
order to study the cells dynamics in the regimen period and vacation periods of drug administration, a linear function is defined using 
a indicator variable for growth, death, migration, mutation, and transformation rates. The growth, migration/transformation and loss 
rate of cells can be represented as ( )*

ij r ijl r ijla 1 a β = β + − β  , ( )*
ij r ijl r ijla 1 a δ = δ + − δ  and ( )*

ij r ijl r ijla 1 a τ = τ + − τ   respectively.
In this situation, we can define R*

E1 such that,

R*
E1 = 

Average number of normal cells
Average number of malignant cells

From the derived results of Chapter –IV, it can be redefined as

	
( ) ( )

* *

1

* At *
* A t B t12 0 11 0
E 0 0* * * *

N e NR N e / M e
A B A B

   τ τ     = + −      − −    

	 (5.1)

Thus, the objective is to maximize R*
E1.

The low fluctuations in the average number of normal cells in any organ is an indicator of consistency in health status. The lower 
the volatility in the sizes of normal and healthy cells is the greater the indication of the health of the patient. However, a contrary 
situation will be prevailing in the case of mutant or malignant cells. The increased volatility is desired in this case. Keeping such 
issues in mind the other program is formulated with the objective function (R*

E2) as the ratio between variance of normal cells to that 
of malignant cells. 

R*
E2 = 

Variance of number of normal cells
Variance of number of malignant cells
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The results derived previously have defined the objective function as 

	

( ) ( ) ( ) ( )( ) ( )

( ) ( )
( )
( )

* * * *
*

2

** *

* A t * A t * A t * B t
* A t * *0 11 0 11 0 11 0
E 0* ** * * * * * *

* * A t* * 2A t A t 11 011 0
* 2 * * * * * ** *

*
11

* *
11 0

D N e N e N e N eR e 1 / F 2E M
A BA 2B A 2B A B A B

E N eN D e e
A A 2B B A 2B B2 A B

N D

     τ τ τ     = − + + − −     − − − −         

  − ττ  + − − − − + τ
τ

−
( )( )
( )

( )

( )
( ) ( )

( )
( )( )

( )( )
( )( )

* *

*

*
* *11 0

* *
* * * * A B t

11 0

* * * * *

* * * * * * * * *
211 0 0 11 11* 2B t

11 02 2* * * * * * * * *

N F 2E
A 2BA B E N e

A B B A B

N A 2B M 2 A B E D
N e

2 A 2B A B B 2 A 2B A B

+

 
 
    τ− + +   −  − − − τ    
   − −  

   τ − − − τ − + τ    + τ        − − − −     

	 (5.2)

Thus, the objective is to minimize R*
E2. 

For having a healthy status of the patient under treatment, maintaining the average number of normal cells to a value greater than 
the average number of malignant cells, and minimizing the fluctuations in the average number of normal cells is required. Hence, the 
growth of normal cells should be in a consistent environment. This implies that the programming problem shall have constraints like 
R*

E2 < 1 and R*
E2 > 1. 

The presentation of the said constraints with derived results in the previous section are 

	
( ) ( )

* *
* At *

A t B t12 0 11 0
0 0* * * *

N e NN e M e
A B A B

  τ τ    > + −     − −  

	 (5.3)

and
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* * * *
*

** *
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*
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τ − −
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( )( )
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( )
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( ) ( )

( )
( )( )

( )( )
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* *

*

*
* *11 0

* *
* * * A B t

11 0

* * * * *

* * * * * * * * *
211 0 0 11 11* 2B t

11 02 2* * * * * * * * *

N F 2E
A 2BE N e

A B B A B

N A 2B M 2 A B E D
N e

2 A 2B A B B 2 A 2B A B

+

 
 
    τ− + +   −  − τ    
   − −  

   τ − − − τ − + τ    + τ        − − − −     

	 (5.4)

There are some more additional constraints as below. The average size of normal cells should be within threshold limits. It 
implies a constraint,

	
** A t *

n 0 nL N e U ≤ ≤  	 (5.5)

Average number of malignant cells shall not be more than warning limits. Hence,

	
( ) ( )

*
* At *

B t *12 0 11 0
0 m* * * *

N e NM e U
A B A B

  τ τ  + − ≤
  − −  

	 (5.6)
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The consistency in average number of normal cells should be maintained at a certain level. More volatility in growth of normal 
cells leads to much complication in the functioning of an organ. Hence, the constraint with the above notion is 

	 ( )
*

*
* A t

A t *0
vn*

D N e e 1 U
A

  − ≤ 
  

.	 (5.7)

The consistency in the growth of malignant cells results in a threat to healthy functioning. So, higher volatility among malignant 
cells is always desired. Hence, the constraint with the above notion is 

	

( ) ( ) ( )( ) ( )

( ) ( )
( )
( )

( )( )
( )

* * *

** *

* A t * A t * B t
* *11 0 11 0 11 0

0 ** * * * * * *

* * A t* * 2A t A t 11 011 0
* 2 * * * * * ** *

*
11

* * * * * * A
11 0 11 0

* * *

N e N e N eF 2E M
BA 2B A 2B A B A B

E N eN D e e
A A 2B B A 2B B2 A B

N D A B E N e
A B B

   τ τ τ   + + − −   − − − −     
  − ττ  + − − − − + τ

 τ − − − τ
 −
 − 

( )

( )

( ) ( ) ( )
( )( )

( )( )
( )( )

* *

*

B t

* *

* * ** 11 0 0* *11 0
2* * * * * * *

* * * * * *
11 11* 2 2B t *

11 0 vm2* * * *

A B

N A 2B MN F 2E
A 2B 2 A 2B A B B

2 A B E D
N e L

2 A 2B A B

+

 
 
 
 
 
 
 

− 
 

  τ − −τ  − + +   −  − −  
 − τ − + τ  +τ ≥   − −   

	 (5.8) 

Where,

* * * *
11 11 11A = β − τ − δ * * * *

21 21 21B = β −δ − τ * * * *
11 11 11D = β + τ + δ

* * * *
32 32 32E = β −δ − τ * * * *

21 21 21F = β + δ + τ -

*
11 1 111 1 110a (1 a )β = β + − β *

11 2 111 2 110a (1 a )τ = τ + − τ *
21 3 211 3 210a (1 a )β = β + − β

*
32 4 321 4 320a (1 a )β = β + − β *

11 5 111 5 110a (1 a )δ = δ + − δ *
21 6 211 6 210a (1 a )δ = δ + − δ

*
21 7 211 7 210a (1 a )τ = τ + − τ *

32 8 321 8 320a (1 a )δ = δ + − δ *
32 9 321 9 320a (1 a )τ = τ + − τ

N0 - Initial number of normal cells in an organ
M0 - Initial number of malignant cells in an organ
L*

n, U*
n - Lower and upper threshold limits of the number of normal cells

U*
m - Warning upper limit on the average number of malignant cells

U*
vn - Upper allowable limit on the volatility of number of normal cells

L*
vm - desired lower limit on the volatility of malignant cells

The non-negative decision parameters under study are β*
11 ≥ 0, τ*

11 ≥ 0, δ*
11 ≥ 0, β*

21 ≥ 0, τ*
21 ≥ 0, δ*

21 ≥ 0, β*
32 ≥ 0, τ*

32 ≥ 0, δ*
32 ≥ 0.

6.  Sensitivity Analysis with Optimization Models
This section consists of four sets of programming problems addressing the issues of (i) maximizing R*

E1 during drug vacation period; 
(ii) maximizing R*

E1 during drug administration period; (iii) minimizing R*
E2 during drug vacation period and (iv) minimizing R*

E2  
during drug administration period under the well-defined subjective constraints. 

Optimization problem of maximizing R*
E1 During Drug Vacation Period 

The illustration has been presented here for aforementioned problems. The indicator function is defined for denoting the drug 
administration (presence of drug) and vacation periods (absence of drug). The results are obtained by solving the objective function 
in (5.1) and the set of constraints from (5.3) to (5.8) by considering the indicator variable as drug vacation period (absence of drug). 
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The optimal solutions pertaining to local maximization are obtained as the formulated programming problem is non-linear. The 
results are presented in terms of the values of decision parameter and corresponding objective function. While exploring the estimated 
values of parameters, it is considered for varying values of L*

n, U*
n, U*

m, U*
vn, L*

vm, M0, N0, t, one at a time, when the remaining are 
fixed values of other target limits. From the appendix V(c), it is observed that the objectives function R*

E1 is an increasing function of  
N0, L*

n, U*
n, and decreasing functions of M0, t. β110 and δ110 are increasing functions of N0. When increasing M0: β110 < δ110, β210 >  

(δ210 & τ210) and β210 > (β110, β320); β110, δ110 are decreasing functions of L*
n. When increasing L*

n: β210 > (β110, β320). When increasing 
U*

n: β110, δ110 and δ210 are decreasing functions of U*
n. When increasing U*

m : β110 < δ110 and invariant, β110 < (β210, β320). When 
increasing U*

vn: β110 < δ110, β110 < (β210, β320). When increasing U*
vn: β110 < δ110, δ210 > (β210, τ210), β110 < (β210, β320). When increasing 

t: β110 < δ110, β210 < (β110, β320) and β210 < δ210.

Optimization problem of Maximizing R*
E1 during drug administration period 

An illustration has been presented here for aforementioned problems. The results are obtained by solving objective function in (5.1) 
with a set of constraints from (5.3) to (5.8) under consideration with the indicator variable in the drug administration period (presence 
of drug). Since the programming problem handled here is non-linear it has only a local optimum solution. The results of the sensitivity 
analysis of the problem are given in the tables from Annexure 3(a) & 3(b). The results are presented in terms of the values of the 
decision parameter and corresponding objective function. While exploring the estimated values of parameters, varying values of L*

n, 
U*

n, U*
m, U*

vn, L*
vm, M0, N0, t one at a time is considered when the remaining are fixed values of other target limits. 

From the appendix – V (d), it is observed that the objective function R*
E1 is an increasing function of N0, U*

m, U*
vn, are decreasing 

function of M0, L*
n and t. When increasing N0: β111 < δ111, β211 > (δ211, τ211), β211 > (β111, β321). When increasing M0: β111 < δ111, β211 > 

(β111, β321). δ111 is a decreasing function of L*
n. When increasing L*

n: β211 > (δ211, τ211) and β211 > β321. When increasing U*
n: β111, δ111 

and β211 > δ211. When increasing U*
m : β111 < δ111,  β211 > (β111, β321) and β211 > (β321, τ211). When increasing U*

vn: β111 < δ111, (β111, β211) 
> β321. When increasing L*

vm: β111 < δ111, β211 > (β321, τ211) and β211 > (β111, β321). When increasing t: β111 < δ111 and β211 > (β111, β321). 

Optimization problem of minimizing R*
E2 during drug vacation period 

The illustration given here is for discussing the situation of cancer growth related issues during the drug vacation period. The 
indicator variable is considered with drug vacation period (absence of drug). The results are obtained by solving objective function in 
(5.2) with the formulated constraints given from (5.3) to (5.8). This illustration has given local optimal results only as the formulated 
programming problem is nonlinear. The results are presented in terms of the values of the decision parameter and corresponding 
objective function. While exploring the estimated values of parameters, varying values of L*

n, U*
n, U*

m, U*
vn, L*

vm, M0, N0, t is considered, 
when the remaining are fixed values of other target limits. 

From the appendix –V (e), it is observed that the objective function R*
E2 is an increasing function of M0, and decreasing function 

of U*
vn. When increasing N0: β110 < (δ110, τ110), β210 > (β110, β320) and β210 > (δ210, τ210). β110, δ110 are decreasing functions of M0. 

When increasing M0 : β110 < (δ110, τ110), (β110, β210) < β320  and (δ110, δ210) > δ320. β110 and τ210 are decreasing functions of L*
n. When 

increasing L*
n : β110 < (δ110, τ110), (β110, β210) < β320 and τ210 > τ320. When increasing U*

m : β110 < (δ110, τ110) and β210 > (β110, β320). When 
increasing U*

vn: β110 < (δ110, τ110), (β110, β210) < β320, (β210, δ210) < τ110, τ210 > τ320 and δ210, δ320. When increasing L*
vm : β110 < (δ110, τ110), 

β110 < (β210, β320), β210 > δ210. δ210 is a decreasing function of t. When increasing t : β110 < (δ110, τ110) and β110 < (β210, β320).

Optimization problem of minimizing R*
E2 during drug administration period

The given illustration here considers the minimization of R*
E2 during the drug administration period. The indicator variable has 

been functioned with the stipulation of drug presence. The results are obtained by solving the objective function in (5.2) along 
with developed constraints given in (5.3) through (5.8) Results are presented for local optimality only as the developed problem is 
nonlinear in nature. The results of the sensitivity analysis of the problem are given in the tables from Annexure 3(c) & 3(d). The 
results are presented in term of the values of decision parameter and corresponding objective function. While exploring the estimated 
values of parameters, varying values of L*

n, U*
n, U*

m, U*
vn, L*

vm, M0, N0, t, one at a time when the remaining are fixed values of other 
target limits. 

From the appendix V(f), it is observed that the objective function R*
E2 is an increasing function of M0, and decreasing function of 

L*
n and t. When increasing N0: δ111 > (β111, τ111), (β111, β211) < β321, τ211 < τ321. δ111 is an increasing function of M0. When increasing 

M0: δ111 > (β111, τ111), (β211, δ211) < τ211, β211 < β321, (β321, δ321) < τ321 and (β111, β211) < β321. β111, δ111 and τ111 are decreasing functions 
of L*

n. When increasing L*
n : (β211, δ211) < τ211, (β111, β211) < β321 and τ211 < τ321. δ111 is a decreasing function of U*

n. When increasing 
U*

n: δ111 > (β111, τ111), (β111, β211) < β321, and δ211 < δ321. When increasing U*
m: δ111 > (β111, τ111), β111 < β211, β211 < β321 and τ211 > τ321.  

β111, δ111 are increasing functions of U*
vn and δ211, τ111, τ211 are decreasing functions of U*

vn. When increasing U*
vn: β111, < (δ111, τ111)

and (β111, β211) < β321. δ111 is a decreasing function of t.
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Summary of Optimal Drug Administration
This section deals with a set of non-linear optimization programming problems which are constructed with the derived mathematical 
relations for different statistical measures and there by defined relative efficiency such as average number of normal cells, average 
number of malignant cells, variance of number of normal cells and variance of number of malignant cells, etc. The decision parameters 
involved in the cell division dynamics such as growth rate of normal cells, death rate of normal cells, transformation rate (normal 
cells to malignant cells), growth rate of malignant cells, death rate of malignant cells, migration rate of malignant cells, growth 
rate of immigrant malignant cells, death rate of immigrant malignant cells and emigration rate of malignant cells are predicted and 
presented in a table. The discussions regarding the predicted parameters are also presented. The problems in this chapter are dealt with 
separately and solved. The scope of this programming can be extended with the goal programming problem approach for dealing the 
multi objective nonlinear programming problems. 
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